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Non-ideal sail: a cone-constrained control problem




Can non-ideal sails arbitrarily change their orbit?

Is it possible to generate any x(#;) — x(7,)?



Outline

1. Dynamics of the system

2. Necessary condition for local controllability

3. Minimum optical requirements

4. Way torward




1. Force components of solar sail

{ f;*pecular reflection

f diffuse reflection
n
p
f absorptive

f SRP — f absorptive T specular reflection T f diffuse reflection



1. Control set

n n
angle of orientation »TB' f SRP ( l’l) Ugpp = / SR};( )

/ control set




1. Parametrisation of the control set

Highly reflective (nearly ideal)
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1. Dynamical system

Assumptions:

No eclipses
Sun motion neglected
over one orbit

SRP is the only perturbation

x = Fy(x) + Z uFx), ue, 1=1,2,3

withx=(, f), €M, feS!, F,F; givenby Gauss variational equations



2. Classical approach using Lie brackets

Controllability if [Jurdjevic, 1996]:

i) Periodic drift —

ii) Bracket generating — if p >0

iii) Conv(%) is neighbourhood of the origin — NO
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2. Proposition on controllability

Under the conditions:
(i) system is bracket generating,

(ii) control set % contains the origin,

(iii) VI € M, cone { Z ulF(Lf), ue U, fe Sl} = T;M,

i
the system is controllable™.

* The proof is available in [Caillau, Dell’Elce, Herasimenka Pomet, 2022]
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2. Proposition on controllability

Under the conditions:
(i) system is bracket generating,

(ii) control set % contains the origin,
How to verify the condition?

(iii)) VI € M, cone { Z wF(Lf), ue ¥, feS!

i
the system is controllable™.

* The proof is available in [Caillau, Dell’Elce, Herasimenka Pomet, 2022]
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2. Convexification of the control set

u € 7 CK,:= cone(%)

angle of

orientation\'f/ ,' set of all
’ possible forces

convex
cone
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2. How to verify the condition?

Negation: It 3 a one-form p; € T*M, s.t.

I
p ialSil) >0, VfeS!, uedK, — notlocally controllable
T dr g

neighborhood
of /

forbidden
half-space

14



2. Recast into a convex optimisation problem

max J s.t.

dl(f,
<P1» (fu)>ZJ, VieS,Vueok,|ul =1

If J* > 0 — not locally controllable
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2. Recast into a convex optimisation problem

max J s.t.

di(f,
<Pla (fu)>ZJ, VieS,Vueok,|ul =1

If J* > 0 — not locally controllable

angle of

orientation | set of all
O I possible forces

for the fixed angle o !

I convex
cone
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2. Exploitation: minimum optical requirements

0.2°7

J* > 0: not controllable
-— 5

J* = 0: controllable

min o to satisty the
necessary condition

20

40
o |deg|

60 80
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2. Recast into a convex optimisation problem

max J s.t.

dl(f,u
<P1, (c]ZCt )>ZJ, VieS,Vueok,|ul =1
Ditficulties: u(f)e oK, feS!
/ \
positivity infinite

constraint dimension
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2. Numerical solution of the semi-infinite problem

Parametrization of the cone

Controls on the cone

COS O
U= |cosodsina

S1N O S1IN &
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2. Numerical solution of the semi-infinite problem

Fourier transform (exact) of the dynamics

Positive bivariate polynomials [Nesterov, 2000; Dumitrescu, 2007]

Leverage on formalism of squared functional systems
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2. Recast into a convex optimisation problem

max J s.t.

dI(f,u) , B
j - > J, VieS,VueodK,|u|l =1

LMI
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2. Effective test of the necessary condition

mina such that the system is controllable
ueEK,,

Thrust
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2. Convenient choice of orbital elements

= (71 » V25 13> U e) Satellite e

Problem independent of:

- 7 (axial symmetry) < \\\ ------- -

- a, i — (planet-independent results) k
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2. Convenient choice of orbital elements

1= (71, 72 73 G, €) Satellite - \e.

Problem independent of:

- 7 (axial symmetry) < \\\ ------- -

- a, i — (planet-independent results) k

= (7}, 72 7’3»%8)
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3. Results: minimal requirement

Low eccentricity e = 0.1
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High eccentricity ¢ = 0.9
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3. Validation of the minimum requirement

0.012
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Conclusion

Minimum requirement in terms of optical properties:
- Mission analysis

- Lifetime of the sail
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Way forward: other systems

Thrust
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Way forward: Algorithm for optimal control

1. No initial guess
2. Optimality conditions

3. Numerical techniques:
multiple shooting, switch function,

homotopy, callback
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1. Force components of solar sail

{ f;*pecular reflection

f diffuse reflection
n
p
f absorptive

f SRP — f absorptive T specular reflection T f diffuse reflection
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2. Numerical solution of the semi-infinite problem

Fourier transform (exact) of the dynamics

d/ a(l — e?) y ~
R— "C(T AR(T f sin(y3+/)
dr ) U GU DRU, f)u 0 0 sinyz(1+ecosf)
cos(y3+/)
0 0 l+ecos f
G = cos f 2+ecos [ sin f cos(yz+71)
e |+ecosf e |+ecos f
12_"’52 sin f =5 (1 + ecos f) 0
S e cos” f+2cos f+e
Slnf |4+ecos f 0

(1 +ecosf)G(I, f)R(I,f) isa trigonometric polynomial of degree 2 in f
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2. Numerical solution of the semi-infinite problem

Positive polynomials [Nesterov, 2000; Dumitrescu, 2007]

Leverage on formalism of squared functional systems:

O(f.5) = [1, eiﬁ]T ? [1, eif ezif]T

_ [1’ eif  2if oib_ oif @it @2if gid

Ay € — €YV a linear operator sit. Ay (®(f.5)) = O(f. )" (f.5)

and A7 CNN — CV its adjoint operator.
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2. Numerical solution of the semi-infinite problem

Positive polynomials [Nesterov, 2000; Dumitrescu, 2007]

Then for any trigonometric bivariate polynomial

<p,,5(1,f)u>—] >0,feSl,ueokK, < 3Y >0

such that E}\I:tp, —eyJ = A5 (Y)

/ N

Fourier coefficients in the basis @ defined with Toeplitz matrices
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