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In Memory of our beloved friend and colleague
Professor Janet Liou-Mark

Whose devotion and contribution to the education of City Tech students will be remembered




This workbook is created to provide students with a review and an introduction to College
Algebra and Trigonometry before the actual College Algebra and Trigonometry course. Studies
have shown that students who attend a preparatory workshop for the course tend to perform
better in the course. The College Algebra and Trigonometry workshop bears no college credits
nor contributes towards graduation requirement. It may not be used to substitute for nor
exempt from the Precalculus requirement.

The College Algebra and Trigonometry workshop meets four days, three hours a day, for a total
of 12 hours during the week before the start of the semester. The workshop is facilitated by
instructors and/or peer leaders.
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Negative numbers appeared in the 7t" century in the work of Indian
mathematician Brahmagupta (598 - 670) who used the ideas of 'fortunes' and
'debts' for positive and negative. By this time a system based on place-value was
established in India, with zero being used in the Indian number system.
Brahmagupta used a special sign for negatives and stated the rules for dealing
with positive and negative quantities as follows:

A debt minus zero is a debt.

A fortune minus zero is a fortune.

Zero minus zero is a zero.

A debt subtracted from zero is a fortune.

A fortune subtracted from zero is a debt.

The product of zero multiplied by a debt or fortune is zero.
The product of zero multiplied by zero is zero.

The product or quotient of two fortunes is one fortune.
The product or quotient of two debts is one fortune.

The product or quotient of a debt and a fortune is a debt.
The product or quotient of a fortune and a debt is a debt.

https://nrich.maths.org/5961, retrieved September 14, 2021.

Section 1.1 Factoring Review

Multiplication of Polynomials

Multiplying two Monomials
1. Multiple the coefficients.
2. Add the exponents

Multiplying a Monomial by a Polynomial
1. Use the Distributive Property: a(b + c¢) = ab + ac
2. Multiply each monomial term




Exercise 1: Multiply the monomials (5x°y°)(—=3xy*)

Exercise 2: Multiply using the Distributive Property
a) 2p°(4p’ -5)

b) 9m3n®(—6m?n? + 8m?n + 1)

The Greatest Common Factor

The greatest common factor (GCF) for a polynomial is the largest monomial that divides each term of
the polynomial.

Factoring the greatest common factor of a polynomial:
1. Determine the greatest common factor
2. Write the answer in factored form.

The GCF factoring process is the reverse of the Distributive Property

Multiply

AN

The Distributive Property: a(b+c)=ab+ac

Factor/Divide

The GCF factoring: ab+ac=a(b+c)




Exercise 3: Factor the greatest common factor and express the answer in factored form. Check by
multiplying using the Distributive Law.

a) Factor 5p° +15p> =30p

GCF:

Answer in factored form:

Check:

b) Factor 9a3bh* — 6a?b3 + 3ab?

GCF:

Answer in factored form:

Check:

c) Factor5(x +y) — 6x(x +y)

GCF:

Answer in factored form:

Check:




Factoring by Grouping
Before factoring by grouping, first we factor out GCF from all four terms.

Steps in factoring by grouping (Assume there is no GCF)
1. Group pairs of terms and factor each pair.
2. |If there is a common binomial factor, then factor it out.
3. If there is no common binomial factor, then interchange the middle two terms and repeat the
process over. If there is still no common binomial, then the polynomial cannot be factored.

Factor 4x + 6y + 2xy + 3y? by grouping

Step 1: Group the pairs of terms 4x + 6y) + (2xy + 3y2
Step 2: Factor the GCF from each pair 2x+3y)+y(2x+ 3y
Step 3: Factor the common binomial factor 2x+3y)(2+y

Exercise 4: Factor by grouping. Follow the steps in the table

a) Factor by grouping: 56+ 21k + 8h + 3hk

Show work here
Step 1: Group the pairs of terms
Step 2: Factor the GCF from each pair

Step 3: Factor the common binomial factor

b) Factor by grouping: 5x° +40x — xy — 8y

Show work here

Step 1: Group the pairs of terms. Be careful
with the signs.

Step 2: Factor the GCF from each pair. Be
careful with the signs.

Step 3: Factor the common binomial factor




Factoring Trinomials

Multiplying Two Binomials

The FOIL (Front-Outer-Inner-Last) Method:  (a +b)(c +d) = ac+ ad + bc + bd

(a+b{(/c+d):ac+ad+bc+bd

Exercise 5: Multiply the binomials and combine like terms
a) (x+2)(x+3) b) (x +2)(x —3)

Factoring Trinomials with Lead Coefficients of 1

Since the product of two binomials is often a trinomial, it is expected that many trinomials will factor as
two binomials. For example, to factor x2 + 5x + 6, we must find two binomials x + a
and x + b such that
x2+5x+6=(x+a)(x+b)
=x®+bx+ax+ab
=x?+ax + bx +ab
=x2+ (a+b)x+ab

Matching the coefficient of each term, one can see the binomials must satisfy product ab = 6 and the
suma+b =5. Since 2-3 =6and2+ 3 =5, we find our binomials x? + 5x + 6 = (x + 2)(x + 3).

Similarly, if we want to factor x> — x — 6, we will consider x> — x — 6 = (x + a)(x + b) where the
product ab = —6 and the sum a + b = —1. Considering all possible factorizations of —6, we find

(2)(—3) = —6and 2 + (—3) = —1, thus,
x2—x—6=(x+2)(x—3).




Steps to factoring trinomials with lead coefficient of 1
1. Write the trinomial in descending powers.
2. List the factorizations of the constant (third) term of the trinomial.
3. Pick the factorization where the sum of the factors is the coefficient of the middle term.
4. Check by multiplying the binomials.

Exercise 6: Factor the trinomial with lead coefficient 1 by checking for the correct pair of product and
sum

a) Factor x> —8x+12

Answer in factored form:

Check:

b) Factor a’ +5a+6

Answer in factored form:

Check:

c) Factor y* -9y —36

Answer in factored form:

Check:

d) Factor x” +14xy +45)°

Answer in factored form:

Check:

e) Factor x* —9xy +18y°

Answer in factored form:

Check:

f) Factor a’ + 7ab —8b*

Answer in factored form:

Check:
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Factoring Trinomials with Lead Coefficients other than 1

Method 1: Trial and error
1. List the factorizations of the third term of the trinomial.
2. Write them as two binomials and determine the correct combination where the sum of the
outer product, ad, and the inner product, bc, is equal to the middle term of the trinomial.

(a+b)(c+d)=ac+ad+ bc+ bd
\V
bc
ad

Method 2: Factoring by grouping
1. Form the product ac.
2. Find a pair of numbers whose product is ac and whose sumiis b .
3. Rewrite the polynomial to be factored so that the middle term bx is written as
the sum of the two terms whose coefficients are the two numbers found in step
4. Factor by grouping.

Exercise 7: Factor each trinomial below
a) 2h* —=5h —3

b) 2h? —h —3

c) 2h? —5h— 12

d) 3k?—14k-5

v N
A y
1 | | |
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Factoring Special Products

Exercise 8: Multiply the binomials and combine like terms.
Can you come up with a formula for this type of multiplication?

a) (x+3)(x—-3) b) (5x + 8)(5x — 8)

Exercise 9: Multiply the binomials and combine like terms.
Can you come up with a formula for this type of multiplication?

a) (x — 3)2 b) (2x + 5)2

Many trinomials can be factored by using special product formulas.

Difference of Two Squares (DOTS): a? — b? = (a + b)(a — b)

Exercise 10: Factor each binomial below. Check if it is a difference of two squares.

a)x? —49 b) 25 — b2

c) 36x2 — 16y? d) 100t? — 49r?

e) Factor completely 16x* — 81

f) x2+36

What have you noticed about the sum of two squares?

y'

A

1 | | |
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Perfect Square Trinomial a’? + 2ab + b* = (a + b)?
a’ — 2ab + b* = (a — b)?

Exercise 11: Factor each trinomial below. Check that the first and the third terms are perfect square,
and the middle term is 2ab, then apply the perfect square formula

a)t>? —8t+16 b) p? + 10t + 25

c) 16a? — 40a + 25 d) 9b% + 42b + 49

e) 16y%2 — 72y + 81

Mixed Factoring/Factoring Completely

To factor a polynomial, first factor the greatest common factor, then consider the number of terms in
the polynomial.

I. Two terms: Determine if the binomial is a difference of two squares.
If it is a difference of two squares, then a’ —b” = (a +b)(a —b)

Il. Three Terms: Determine if the trinomial is a perfect square trinomial.
a) If the trinomial is a perfect square, then

a’+2ab+b*> =(a+b)’
a’-2ab+b*> =(a—b)’
b) If the trinomial ax?® +bx +cisnot a perfect square, then
i) if the leading coefficient a = 1, then check the product = cand sum =b to

determine the correct combination.
ii) if the leading coefficient a > 1, then use trial and error or the ac-method.

lll. Four terms: Try to factor by grouping.

A y
1 | | |
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Exercise 12: Factor each polynomial completely. This may mean factoring GCF and/or factoring in two
or more steps.

a) Factor completely 3x* —3x° —36x°

b) Factor completely 20a —5a’

c) Factor completely 16a°b — ab
d) Factor completely 8x? — 24x + 18
e) Factor completely 16x3y — 40x%y? + 25xy3

f) Factor completely 12x3 + 11x2 + 2x

g) Factor completely 7z*w* —10zw” — 8w’

L

=



SECTION 1.1 SUPPLEMENTARY EXERCISES

1. a’ —35a
14, b*—6b+5

N

25y° —15y°
15. ¥ +7x+10

3. 5ab* —15a°b
16. m® +9mn +18n’

4, 3péq2 —24pq3
17. x> +9xy —36)°

5. 2b*e’ —14b°¢°

18. —6x* —9x+15
6. 16x —4x°

19. m® —4m* = 21m
7. y —8ly

20. 24 +5n—n?
8. 49 —9¢*

21. 2x’ —2x*y —12xy°
9. 64w* — 81

22.  2Xy+x’y’ —6xp°

10. 36x°y -9y
23. am—5a+2bm—-10b

11.  4a° -121
¢ 24. 15x—12ax+10y —8ay

12. 36x° —25y°
25. 7b—-2bd +21c —6¢d

2
13. @’ —4a-12 26.  15ax+4by +10ay + 6by




Section 1.2 Solving Quadratic Equations by Factoring

Solving a Quadratic Equation by Factoring
Zero Factor Theorem: If ab = 0 thena = 0 or b = 0 or both.

Solving Quadratic Equations by Factoring
1. Put the equation in standard form: ax? + bx + ¢ = 0.

2. Factor completely.
3. Use the zero-product rule, set each factor containing the variable equal to zero and solve

for x. Note: Do not solve for the constant factor.

Exercise 1: Solve the equations by factoring

a) Solve: x> —4x-32=0

b) Solve: 36 —49y% =0

c) Solve: a’ —6a*+5a=0

d) Solve: 2x° +9x* =5x




SECTION 1.2 SUPPLEMENTARY EXERCISES

1. Solve the following equations by factoring:
a. x> +6x+8=0
b. 20 +3r-14=0
c. x* —=10x+25=0
d. w +14w+55=6
e. t* -5t=24
f. 2y’ +12y* =32y =0

g. k*=25=0

h. 16x* =49

i. z2-9z=0

j. —6x> —x+12=0
k. S5m* +20m=6-9m
1 (v+5)0-4=0

m. (n=3)3n-2)-81=0

n. 10x* =27x—18




Module Il

Radicals and the Square Root Property
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Radicals, specifically square roots, date back as far as ¢.1650 B.C., from
the time of Egypt’s Middle Kingdom. The Rhind Papyrus makes
references to square roots since they are tied to the diagonals of squares
and rectangles; often applicable in the construction of a temple. The
“Rhind Papyrus” is named after Henry Rhind, a Scottish lawyer, who
purchased it in Egypt in 1858. It was placed in the British Museum in
London, England, in 1864 and is still there today; a fragment is also in the
collection of the Brooklyn Museum on Eastern Parkway. The Rhind
Papyrus, according to the British Museum website, is a “list of practical
problems encountered in administrative and building works. The text
contains 84 problems concerned with numerical operations, practical
problem-solving, and geometrical shapes.”

Robins, G. & Shute, C. (1990). The Rhind Mathematical Papyrus: An
ancient Egyptian text. New York, NY: Dover. The British Museum;
downloaded on 8/1/ 2011, from
http://www.britishmuseum.org/explore/highlights/highlight objects/aes
/r/rhind_mathematical papyrus.aspx



http://www.britishmuseum.org/explore/highlights/highlight_objects/aes/r/rhind_mathematical_papyrus.aspx
http://www.britishmuseum.org/explore/highlights/highlight_objects/aes/r/rhind_mathematical_papyrus.aspx
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Section 2.1: Addition, Subtraction, Multiplication and Division
of Radicals

Simplifying Radicals

Exercise 1: Simplify each radical below

a. V9 b. V18
c. V25 d. V75
e. V49 f. V98
g. V100 h. v500
List at least 12 numbers that are perfect square:
Exercise 2: Simplify each radical below
a. Vx? b. Vx3
c. Vx* d. Vx®
e. Vx© f. Vx7
g. Vx°8 h. Vx°

What pattern have you noticed? Write a rule for simplifying a radical of the form x™

When n is even, VX" = When nis odd, Vx" =

Exercise 3: Simplify each radical

a) /12x6y3 b) 3x,/20x3y6z°

‘
4

=
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Find the error in each problem. Justify your answers. Provide the correct answers.

Find the errors What are the errors? Corrections

e
VA8 =4 -V12 = 2V/12
Vie=vV4=2

54 2vVx = 7Vx

1 | | |
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Adding and Subtracting Radicals

Exercise 4: Simplify each radical term, then combine “like radicals” terms by adding or subtracting their
coefficients.

a) 2+/50 — 6:/125 ++/98 +34/80 b) y/4x"y’ +9x*y3 X’y —Sxpfx’y’

Multiplying Radicals

Exercise 5: Multiplying two radicals of the form: (avx) - (b,/y) = ab,/xy . Simplify the answer.

a) (~2V3)(-+/6) b) (~2x,/6x55%) - (57,/8x775)

Exercise 6: Multiply the radical expressions using the Distributive Law a(b + ¢) = ab + ac. Simplify the
answer.

o) V5(4+4/5) d) V612 +/24)

Exercise 7: Multiply the radical expressions using FOIL. Simplify the answer.

FOIL (Front-Outer-lnner-Last) or (a+ b)(c+d) = ac+ ad + bc + bd..

&) 2+V3)(4+3) f) (24/5-9)

g (7-5W7+5) h) (V7 +V5)(7 —5)

A
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Helpful Radical Multiplication Rule:
Square of a Radical: (\/E)Z = (Va)(Va) = a
Product of radical conjugates: (vVa +vb)(Va—+Vb) = (\/E)Z — (\/5)2 = a-»b
or (Va+b)(Va-b) = (Va)’' - (b)? = a-b?
Dividing Radicals by Rationalizing the Denominators

Strategy for rationalizing denominators with radicals:
If the denominator has one term, multiply the numerator and the denominator by the radical:

2 Ja_ 2

2
VT " e a

Examples

4 _ 4 a_4Va

3Va  3va Ja  3a

If the denominator has two terms, multiply the numerator and the denominator by the conjugate of the
denominator:

3 Ja b _ 3(ya-vB)
) = T e = e

Examples

b S 5 Jatb _ 5(Ja+b)
) G T Vacb Jarb T a2

Exercise 8: Rationalize denominators. Simplify the answer.
9 3

a b) —

) V7 )

|

=
N
| B

d)

A
1 |
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SECTION 2.1 SUPPLEMENTARY EXERCISES

I. Simplify the expressions.

a) m
b) 20 -+/5

64
) \/;
13
9 \/%

2. Rationalizing the denominator.

5
a)\/g

b)%

A A
1 | | |
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Section 2.2 Solving Quadratic Equations by the Square Root
Property

The Square Root Property
If x* =aand a >0, then x:\/; or x:—\/g.

Sometimes it is indicated as x = i\/g

Solving a Quadratic Equation by the Square Root Property
Isolate the square and then apply the Square Root Property

Exercise 1: Solve using the square root Property. Simplify the radical. Write out both solutions.

a) x2=9 b) x2—-54=0

Exercise 2: Solve using the square root Property. Simplify the radical. Write out both solutions.

a) (a—5)?>=16

b) (4t —3)2—18=0

A y
1 | | |
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Section 2.3 Solving Quadratic Equations by Completing the
Square
To solve a quadratic equation of the form ax* +bx+c¢=0 by completing the square, we first divide

the equation by the leading coefficient a. The procedure below will assume a = 1 and the quadratic
equation is of the form x> + bx + ¢ = 0

Solving a Quadratic Equation of the Form x? + bx + ¢ = 0 by Completing the Square:
Steps 1. Write the left side in the form x2 + bx and move the constant term to the right side.
2
2. Add a constant, (g) , that will complete the square. The constant is added to both sides of

the equation.
3. Write the left side as a binomial squared.
4. Apply the Square Root Property.
5. Solve for x and simplify.

Example: Solve by completing the square: x> +8x +4 =0

Step 1: Write the left side in the form  x” + bx

; ) x?+8x=—4
and move the constant term to the right side.

2
Step 2: Add a constant (g) = 16 to both sides
of the equation.

x> +8x+16 =—-4+16

Step 3: Write the left side as a binomial squared. (x+4)? =12

/ 2 — \/
Step 4: Apply the Square Root Property. (r +4)% = 1v12
x+4 =1V12

x=—-4+V12

Step 5: Solve for x and simplify. 41243
x=—-4+

Exercise 1: Solve by completing the square. y2 -6y-8=0

Exercise 2: Solve by completing the square. 2w” +12w—14=0

4

-



SECTION 2.2 SUPPLEMENTARY EXERCISES

1. Solve the following equations by using the square root Property:
a. x> =100
b. s7-12=0
c. Y +7=88
d. (y-3)-16=0
. (y+7) -25=0
f. (y-1)-12=0
g. (2k-1*-9=0
f. 9(2m —3)* +8 = 449

SECTION 2.3 SUPPLEMENTARY EXERCISES

1. Solve the following equations by completing the square:
a. p—-p=6
b. ¥ +10x-7=0
C. ¥ =3y-6=0
d. 6k> +17k+5=0
e. Sm*—10m+3=0
f. 3x* +4=8x
g 6w +12x=48
h. x*—10x+26=8




Module I

Quadratic Equations and Graphs

ﬁhe ancient Egyptians were interested in the solutions of a quadratic equation in
order to determine the dimension of a floor plan for a desired area and perimeter of
a given shape. If a rectangular room, for example, they would be interested in the
solutions to

L-W=A4
2L+2W =P

which we can now solve algebraically with a quadratic equation. Without the
sophisticated number system nor the method of quadratic equations, the ancient
Egyptians developed a lookup table of standard dimensions and sizes for different
shapes. Engineers would find the most fitting design based on the table developed.
Unfortunately, there were limitations using the table and errors from incoherent
and erroneous reproduction of the tables, which led to flawed engineering.

Hell, D. (2004). History behind Quadratic Equations. Retrieved on June 22,2011.

Section 3.1: Solving Quadratic Equations by the Quadratic
Formula

The quadratic ax® +bx +c¢ =0 can be solved in many ways:
I. Factor the quadratic and then use the Zero Factor Theorem (Section 1.2)
2. The Square root property (Section 2.2)
3. Completing the square (Section 2.3)
4. The Quadratic Formula (Section 3.1)

The Quadratic Formula

A quadratic equation of the form ax” +bx +c¢ =0, where a # 0, has two solutions:

_—b+t vb2 — 4ac
- 2a

X
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Exercise 1: Solve using the quadratic formula

a) x> —5x-8=0

b) x> +6x+2=0

) 2x*—4x=3

1 | | |
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How many errors can you find?
Find where the errors occur and provide the correct solution

Solve using the quadratic formula x? — 4x = 16 m

Find the errors (at least six)

Provide the correct solution here

a=1 b=-4, c=16

—4 + /42 Z4(1)(16)
2(D)

The two solutions are:

x=-2J6 or x=-6V6

-]
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Exercise 2: Which is the best method for solving 4x”> —4x =07?
(a) by factoring; (b) the square root property; (c) completing the square; (d) quadratic formula.
Show solution:

Exercise 3: Which is the best method for solving x? — 63 = 0?
(a) by factoring; (b) the square root property; (c) completing the square; (d) quadratic formula.
Show solution:

Exercise 4: Which is the best method for solving x* —6x—-9=07?
(a) by factoring; (b) the square root property; (c) completing the square; (d) quadratic formula.
Show solution:

Exercise 5: Which is the best method for solving 2x2? — 6x — 9 = 0?
(a) by factoring; (b) the square root property; (c) completing the square; (d) quadratic formula.
Show solution:

A y
1 | | |



SECTION 3.1 SUPPLEMENTARY EXERCISES

Solve the following equations by using the quadratic formula:
1. ¥ +10y+9=0
2. s*—s=30
3. m*—81=0
4. 6x" +2x+3=0
5. 10x* =13x=3=0
6. 4x* +6x+1=0
7. m*+5m=2
8. 2k* +9k =7
9. (z-2)z+4)+6=0
10.  (3x-7)x+5)=-31
11. 11n* —4n(n—-2)=6(n+3)

12. x(x=3)=-10x-7




v
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Section 3.2 Graph of Quadratic Equations - Parabolas

The graph of a quadratic equation of the form y = ax® + bx + ¢ where a # Ois a parabola (U-shaped).

The parabola has either a maximum or a minimum point, called the vertex. Often times, it is more
convenient to express the quadratic equation in the vertex form.

Method 1: The Vertex Form
The Vertex Form of a Quadratic equation is y = a(x — h)? + k, where (h, k) is the vertex.

Method 2: The Vertex Formula
The Vertex Formula of a quadratic equation of the form y = ax’*+bx+c:

. . b
x-coordinate of the vertex is — oa

Substitute x-coordinate to find the y-coordinate of the vertex

Use the Desmos link below to see the effect of changing h, k and a on the parabola.
https://www.desmos.com/calculator/0txid19ts5

5 il

(]
]
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How does the graph change when you change h? When h is positive? When h is negative?

How does the graph change when you change k? When k is positive? When k is negative?

How does the graph change when you change a? When a is positive? When a is negative? When |a| >
1? When |a| < 1?



https://www.desmos.com/calculator/0txid19ts5

Exercise 1: For each function: (i) Identify the vertex; (ii) sketch the graph.

by y =x2-3

— 2
a) y=x
y
h
9
8
(3
5
3
‘C‘rf—. 6-5-4-3-2-1 | 1 23 456 78 89
3
5
8
a
¥y
The vertex is
d y=—x
y
~
9
8
6
5
3
=DF ;54221_;23456?&;’"‘-
3
5
8
9
Y

The vertex is

v
[
9
8
%
[
5
;
3
9 -8 6 =5 -4 -3 -2 =1 1 2 3 456 7839
3
y
5
6
.
8
9
k.
The vertex is
— 2
e) y=2x
y
h
9
8
7
6
5
;
3
4’}5— §-5-4=-3-2-1 | 1 2 3 4 5 6 7
3
4
5
6
7
8
9
y

The vertex is

) y = (x—3)?
¥

K
g
8
6
5
3
-9 -8 €-5-4-3-2-1 | 1 2 3 4 56 7 8 9
3
5
8
9
Y
The vertex is
1.2
fly==-x
2
¥y
[
g
8
6
5
3
EEEE R 17 3456789
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The vertex is




Exercise 2: Use the Vertex Form to identify the vertex. Sketch the graph. Find the roots (solutions) of
the equation by setting y = 0 and solve.

a)y=((x+2)?-4 by y=—(x+5)?+6

y y
4 3
g 9
3 3

s 1 4 [ 7 o | X s 4 [3 Ck
3 s
-'J‘ i

The vertex is The vertex is

The roots are The roots are

Exercise 3: Use the Vertex Formula to find the vertex. Sketch the graph. Find the roots (solutions) of
the equation by setting y = 0 and solve.

a) y=x?>+4x-5 by y=—-x*—-2x—5
v 14
of fk
: .
T ' . . s or X o876 5 3 = 1 . 4 [3 Rl Rl
: :
-'j' "J',
The vertex is The vertex is

The roots are The roots are




SECTION 3.2 SUPPLEMENTARY EXERCISES

1. Identify at least three features of the graph of a quadratic function:

2. For each function, (i) identify the vertex; (ii) sketch the graph; (iii) find the roots (solutions) of the
function.

a)yz(x_3)2_1 b)y:-(x_1)2+7
y

y

A
9

8

9
8

~

The vertex is

The roots are

c)y=%(x—5)2+4

y

A
9

8

The vertex is

The roots are

The vertex is

The roots are

d y=2x>+4x—-5

¥

.

The vertex is

The roots are




Module IV

Trigonometry

The development of Trigonometry spans all cultures. The word is derived
from combining two Greek words; trigonon which means

“triangle” and metron “to measure.” Around three millennia ago, the
Babylonian number system of base sixty (sexagesimal) promoted the idea
of 360 degrees in a circle, 60 minutes in a degree, and sixty seconds in a
minute. This concept led to having sixty minutes in an hour.

Willers, M. (2009). Algebra: The x and y of everyday math. New York, NY:
Fall River Press.

Section 4.1 Definition of Trigonometry

Defining Trigonometric Functions

Hypotenuse
Opposite
0
Adjacent
. Side Opposite 0 0] . ) .
sin =————=-— SOH  (Sine theta is Opposite over Hypotenuse)
Hypotenuse H
Side Adjacent to © A . ) ]
cosO = = - CAH (Cosine theta is Adjacent over Hypotenuse)
Hypotenuse H
Side Opposite 0 0] . . .
tanf = - - = - TOA  (Tangent theta is Opposite over Adjacent)
Side Adjacent to 6 A




The Pythagorean Theorem

For any right triangle with legs «, b and hypotenuse ¢, the square of the hypotenuse is equal to the
sum of squares of the two legs, or

a’+b% = ¢?

Exercise 1. For each right triangle below,
a) Use the Pythagorean Theorem to determine the value of x.
b) Use the definition of sin 8, cos 8, tan 8 to find their values in simplest fraction form.

X 3 10 X
0
4 0
8

a) Find x a) Find x
b) sinf = b) sinf =

cosf = cosf =

tan @ = tan @ =

Compare sin @, cos 8, tan 0 for the two triangles above, what can you say about their values?

Observation 1: The two triangles in (i) and (ii) are similar. (Their corresponding sides are proportional
by the same ratio.)

Observation 2: Trigonometric ratios for similar right triangles are equal.




Defining the Other Trigonometric Functions

A
r
X
ﬁn&zl- %ngf_
r y
cosf =— secd = r
X
tan @ = Y cotd = *
X
The Reciprocal Identities
sind = ! cm@z,l
cscd sin @
1
cosf = secld =
secd cosd
1
tan @ = cotd =
cotd tan @
The Quotient Identities
sin @ cos @
tan @ = coth = —
sin @

cos O




1 | |

. 5 . . . .
Exercise 2: Givensinf = e find the other five trigonometric functions.

sinf = cscl = 0
cosf = secl =
tan@ = cotd =

. 5 . . . . .
Exercise 3: Giventanf = 3 find the other five trigonometric functions.

sinf = cscl =
6
cosf = secl =
tand = cotd =
Exercise 4: Given cos8 = - find the other five trigonometric functions.
) 9
sin@ = cscl =
cosf = secl =
tan @ = cotd =

1 | | |



SECTION 4.1 SUPPLEMENTARY EXERCISES

1. Inaright triangle, if cos@ = 2—74 find the other five trigonometric functions.

. 7
2. Inaright triangle, if sin@ = T find the other five trigonometric functions.
3. Inaright triangle, if tan@ = 5 find the other five trigonometric functions.
4. Inaright triangle, if cos 8 = 3 find the other five trigonometric functions.

3
5. Inaright triangle, if tan @ = ? find the other five trigonometric functions.




Section 4.2 The Special Right Triangles (45° — 45° — 90° and
30°—60°—90°)

Special Right Triangles: The 45° — 45° — 90° triangle

Exercise 1:  a) Find x and y. (Hint: This is an isosceles triangle.)

b) Determine sin 45°, cos 45°, and tan 45°. 1 45°

45°

The 45° — 45° — 90° triangle has following relationship between the sides:
e The two legs are equal.

e Thelegis \/Z—E times the hypotenuse.

45°
H
2y
2
45° []
2y
2
Exercise 2: For each triangle below, find the missing sides x and y.
a) b)
6 y
y 6
450 450




Special Right Triangles: The 30° — 60° — 90° triangle
Exercise 3: a) Find x and y. (Hint: Two 30° — 60° — 90° triangles form an equilateral triangle.)
b) Determine sin 30°, cos 30°, and tan 30°.
c) Determine sin 60°, cos 60°, and tan 60°.

1 60°
30° —
y
The 30° — 60° — 90° triangle has following relationship between the sides:
e The shorter leg (side opposite 30°) is % of the hypotenuse.
e The longer leg (side opposite 60°) is ? times the hypotenuse.
60°
H
H
2
30°
EST
2
Exercise 4: For each triangle below, find the missing sides x and y.
a) b)
6
x X
30° 30°
vy vy
c)
X y
30°




SECTION 4.2 SUPPLEMENTARY EXERCISES

1. Evaluate.
sin30° = sin45° = sin 60° =
cos30° = cos45° = cos 60° =
tan30° = tan45° = tan 60° =
csc30° = csc45° = csc60° =
sec30° = sec45° = sec60° =
cot30° = cot45° = cot 60° =

2. Find the missing sides x and y.

a) b)
9
y y
45° 40
x 8
c) d)
y
3 X 60°
X
14
y
e)
X
3
60°




Section 4.3 The Unit Circle

An angle 0 in standard form has its initial side on the positive x-axis (measured counterclockwise from
0°) to the terminal side of 6.

Quadrant | contains angles between

90°
, 180° ha o 0°,
- >
360°
270°
Quadrant Il contains angles between
90°
o 9 o
180 0y
360°
270°
Quadrant lll contains angles between
90°
180° 6 0°
- ), 360°
270°
Quadrant IV contains angles between
90°
18 0y
9 360°

270°




Defining Trigonometric functions on the Unit Circle:

. 1
sinf =y csch ==
y

1

cosf =x sec0=;
tanf =2 cotf ==
x y

Quadrantll  (90° < 6 < 180°)

5 Sine is positive

sin 8, csc @ are positive
cos 0, sec, tan 6, cot 8 are negative

<180°

»
>

90°

360°

270°

&
<«

Quadrant | (0° < 6 < 90°)

Cﬂ All are positive

sin @, cscA,cos 6, secd, tan 8, cot 8 are all positive

>

Quadrant Il (180° < 6 < 270°)

Tangent is positive

tan @, cot @ are positive
sin@, cscf, cos @ ,sech are negative

Quadrant IV (270° < 8 < 360°)

6 Cosine is positive

cos 6, sec 8 are positive
sin @, csc 8, tan 0, cot 8 are negative




Reference Angle

The reference angle 6, for any angle @ in standard position is the positive acute angle between the
terminal side of € and the x-axis.

Angle and its reference angle:

A

A
-
)
By

v

Use a bow-tie to relate angles with 30° reference angle.
What can you say about their coordinates on the unit circle?

150

30°

> e 46z

v

A

) Ok

v

A

<_\/§

7;

1

2

210°

330

V3
7

v

;




Use a bow-tie to relate angles with 45° reference angle
What can you say about their coordinates on the unit circle?

d
<

Use a bow-tie to relate angles with 60° reference angle
What can you say about their coordinates on the unit circle?

v

A

<
«

1
>

<__

V3

7)

2

v




The Unit Circle and the Special Angles

Color code the reference angles:
Purple: Reference angle 30°
Orange: Reference angle 45°
Green: Reference angle 60°

Write the coordinates of the points on the unit circle in the brackets below.




L

l

-]

4

4
.

Try both Desmos activities below to see how the coordinates on the unit circle change with angles.

w Desmos: The Unit Circle 1
& https://www.desmos.com/calculator/bydhfz5b9d

Desmos: The Unit Circle 2
https://www.desmos.com/calculator/p6cy3bxkkn

Exercise 1: Fill out the tables below for each given 8 and the trigonometric function. Use the unit circle,
the symmetry relation of the reference angles, and the definition of the trigonometric functions on the

unit circle to determine the answers. Do not use the calculator.

Angles between 0° and 360°

Quadrant of 8 Reference angle

(0,00, orly)  SBNFOT=) 300 450 o1 60°) Value
sin 150° sin150° =
tan 240° tan 240° =
cos 135° cos135° =
sin 300° sin 300° =
Negative angles (angles which measure clockwise)
Quadrant of 8 . Reference angle
(0,000 orly)  SBNFOT=) 300 450 or 60°) Value
sin(—60°) sin(—60°) =
cos(—210°) cos(—210°) =
tan(—135°) tan(—135°) =
Angles greater than 360°
Quadrant of 6 i Reference angle
(0,00, orly)  SBNFOr=) 300 4so o1 600) Value
sin 390° sin 390° =
cos 495° cos 495° =
tan 780° tan 780° =

Exercise 2: Find the value of the trigonometric functions of other special angles.

a) sin0° b) cos 90°
c) tan 180° d) sin270°
e) cos 360° f) tan 450°

A


https://www.desmos.com/calculator/bydhfz5b9d
https://www.desmos.com/calculator/p6cy3bxkkn

1 | |

I |

Exercise 3: Find the angles @ in the interval 0° < 8 < 360° for each problem below. Use the unit circle
to find the angles.
a)Ifsin@ =§, find all possible values of @ in the interval 0° < 8 < 360°.
b) If cos 6 =\/?E, find all possible values of @ in the interval 0° < 8 < 360°.
c) Ifsinf = —%, find all possible values of @ in the interval 0° < 8 < 360°.

d) Iftan® = —1, find all possible values of & in the interval 0° < 6 < 360°.

=



SECTION 4.3 SUPPLEMENTARY EXERCISES

1. Fillin the blanks:

a)

b)

c)

sin @ and cscé is positive in Quadrants

sin @ and cscf is negative in Quadrants

cos @ and secd is positive in Quadrants

cos@ and secd is negative in Quadrants

tan @ and cot @ is positive in Quadrants

tan @ and cot @ is negative in Quadrants

and

and

and

and

and

and

2. Find the value of the given trigonometric function without using a calculator.

a)
b)
c)
d)
e)
f)
g)
h)
i)

j)

cos 150°
sin 240°
tan 225°
csc 300°
cot120°
sec 135°
cos(—240°)
tan(—150°)
cot(—210°)
csc(—60°)
sec(—135°)
sin 480°
tan 405°
sec750°
csc90°

cot 180°
sec(—90°)




Section 4.4 Solve Using Right Triangle Trigonometry

Choose the appropriate trigonometric equation, substitute the values, use calculator to solve.

sing = Opposite cos @ = Adjacent tan @ :Op.posite
Hypotenuse Hypotenuse Adjacent

Exercise 1: Solve for x. Express answer to the nearest tenths.

a) b)

X X
38° 38°
5
c)
5
[]
X

Exercise 2: Solve for 6. Express answer to the nearest tenths of a degree.

a) b)

11 6
5 5
A

11




Exercise 3: Find the values of the trigonometric functions of the angle @ with its terminal side passing
through the point (24, 7). Sketch the angle on the axes.

sin@ = cscl =
cosd = secd =
tan @ = cotd =

Exercise 4: Find the values of the trigonometric functions of the angle @ with its terminal side passing
through the point (=5,12) :

sinf = cscl =
cosf = secd =
tan @ = cotd =

Exercise 5: Find the values of the trigonometric functions of the angle @ with its terminal side passing
through the point (—\/7,—\/5) :

sin@ = cscl =

cosd = secd =

tan@ = cotd =




SECTION 4.4 SUPPLEMENTARY EXERCISES

1. Solve for x

a) b)
x
x 41°
26° 16
9
c) d)
18 61° 57°
x
X
26
2. Solve for 8. Express answer to the nearest tenths of a degree.
a) b)
)
27 19
0
21

12

3. Find the values of the trigonometric functions of the angle @ with its terminal side passing through
the following points:

a) (L) b) (—4,3) 0 (5.-2)
d) (6,~/10) e) (—v6,—/7) f) (/3,4/6)
g) (-5,-12) h) (J7,-12) ] (}7)

i) (<33.4/5) k) (-3,-11)




Section 1.1 Factoring Review

Exercise 1:

Exercise 2a:
Exercise 2b:
Exercise 3a:
Exercise 3b:
Exercise 3c:
Exercise 4a:
Exercise 4b:
Exercise 5a:
Exercise Sb:
Exercise 6a:
Exercise 6b:
Exercise 6c¢:
Exercise 6d:

Exercise 6e:

Exercise 6f:
Exercise 7a:
Exercise 7b:
Exercise 7c:
Exercise 7d:

Exercise 8a:

—15x%y10

8pl® — 10p3
—54m®n + 72m°n’
5p(p? +3p — 6)
3a%?bh? —2ab + 1
(x+y)(5—6x)
(8 +3k)(7 + h)
(x+8)(Bx—y)
x*+5x+6
x2—x—6
(x—6)(x—2)
(a+3)(a+2)
(yv—12)(v + 3)

(x +9y)(x + 5y)

(x = 6y)(x — 3y)

(a — b)(a + 8b)
(2h + 1)(h — 3)
(h+ 1)(2h — 3)
(2h + 3)(h — 4)
3k + 1)(k —5)

x2 -9

Exercise 8b: 25x% — 64
Exercise 9a: x2 — 6x + 9
Exercise 9b: 4x? + 20x + 25
Exercise 10a: (x +7)(x =7)
Exercise 10b: (5 +5b)(5 —b)
Exercise 10c: (6x +4y)(6x — 4y)
Exercise 10d: (10t + 7r)(10t — 77)
Exercise 10e: (2x +3)(2x —3)(4x* +9)
Exercise 10f: x* +36

Exercise 11a: (t —4)°

Exercise 11b: (» +5)°

Exercise 11¢c: (4a—5)°

Exercise 11d: (3b +7)?

Exercise 11e: (4y —9)

Exercise 12a: 3x°(x —4)(x +3)
Exercise 12b: 5a(2 —a)(2 +a)
Exercise 12¢c:

ab(2a +1)(2a — 1) (4a® + 1)
Exercise 12d: 2(2x — 3)?
Exercise 12e: xy(4x — 5y)2
Exercise 12f: x(4x + 1)(3x + 2)
Exercise 12g: w?(7z + 4)(z — 2)




SECTION 1.1 SUPPLEMENTARY EXERCISES

1.

2.

10.

11.

12.

13.

ala—5)

5y%(5y —3)
5ab(b — 3a?)
3pq*(p® —8q)
2b3c3(be? — 7¢)
4x(2 + x)(2—x)
y@+9G -9
(7 +3t)(7 — 31)
(8w + 9)(8w — 9)
9y(2x + 1)(2x — 1)
(2a + 11)(2a — 11)
(6x + 5y)(6x — 5y)

(a—6)(a+2)

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25,

26.

(b-5)(b-1)

(x +5)(x +2)

(m +3n)(m + 6n)
(x + 12y)(x — 3y)
—3(x —1)(2x +5)
m(m — 7)(m + 3)
—(n—8)(n+3)
2x(x + 2y) (x — 3y)
xy(2x — 3y) (x + 2y)
(a + 2b)(m — 5)
(3x + 2y)(5 — 4a)
(b +3¢)(7 — 2d)

not factorable




Section 1.2 Solving Quadratic Equations by Factoring

Exercise 1:
a) x=—4, x=28

6 6

c) a=0,a=1a=5

d x=0 x=

N |-

, x =-=5

SECTION 1.2 SUPPLEMENTARY EXERCISES

1. h) Xr=—— X=-
a) x=—4 x=-2

B _, ij z=0, z=9
b) t=73 =

3
. X=—-, X=
g x—5 i) 2

d) w=-7 A
e) t=8, t=-3

f) v=0 y=-8 y=2

g) k=5 k=-5 n) *




Section 2.1: Addition, Subtraction, Multiplication and
Division of Radicals

Exercise 1:

a) 3 e) 7

b) 3v2 f) 7v2

c) 5 g) 10

d) 5V3 h) 10vV5
Exercise 2:

a) x e) x3

b) xvx ) x3Vx

c) x? g) x%°

d) x*Vx h) x*Vx
Exercise 3:

a) 2x3y,/3y b) 6x%y3z*V/5xz
Exercise 4:

a) 172 —18+5 b) 6x3y2./xy
Exercise 5:

a) 242 b) —40x5y°y/3x
Exercise 6:

c) 4/5+5 d) 6v2+ 12
Exercise 7:

e) 11+ 63 h) 2

f) 101 — 36V5

g) —18
Exercise 8:

a) 27 c) —3v10-36

7

3z d)

2x

5V6+2v3
23

b)




SECTION 2.1 SUPPLEMENTARY EXERCISES

1.

c
GO N
NE s 2
w

SEEANE
S VS 2lg

d) —5v2—5v3

7—4+7
9

x+2v3x+3
x-3

Section 2.2 Solving Quadratic Equations by the Square Root
Property

Exercise 1:
a) x=-3,x=3

b) x =—-3vV6,x =3V6

Exercise 2:
a) a=1,a=9

b) t = 3-3v2 ¢ = 3+3v2

4’ 4




Section 2.3 Solving Quadratic Equations by Completing the
Square

Exercise 1: y=3—-+v17, y =3 ++vV17

Exercise2: w= -7, w=1

SECTION 2.2 SUPPLEMENTARY EXERCISES

1.

a) x=-10, x=10 e) y=-2 y=-12

f) y=1+2V3, y=1-2V3
b) s:—Z'\/i, x:2\/§

) 0 o g) k=2 k=-2
c) yv=9, ¥y=—

4 y=7 y=—1 h) m=-2 m=5

SECTION 2.3 SUPPLEMENTARY EXERCISES

1.

3 op—- U S
a) p=3, p 2 e) m=1+—, m=1--
b) XxX=-5-4/2, x=—-5+4/2 ) ng, x=2

3 B _3 B I
o) Y=t Y=o g) w=2 w=-4

h) x =547, x=5—-+7

1 —
d) =73 *=-

SR




Section 3.1: Solving Quadratic Equations by the Quadratic

Formula
Exercise 1:
5—/57 5+v57
a) x = X =

b) x= —3—-V7,x= -34++7

¢ x=

Exercise 2: x=0,x=1
Exercise3: x= —3V7,x= —3V7

Exercise4: x=3—-v2,x=3++2

. 3-3V3 3+3V3
Exercise 5: X=———,X= —

SECTION 3.1 SUPPLEMENTARY EXERCISES

1. y=-1 y=-9
2 §=6 s=-5
3. m=9, m=-9
—1+iy17 —1-iy/17
4 = x:
. 6 6
r=? yo_1
5 T2 YT s
345 _ -35
6 T4 YT T
_ —5+y33 _ —5—/33
7 =T M=
7
8 k__E' k=-1

—4+247 —4—247
10 x = ) x =
. 3 3
—1+/127 -1—127
11. 7 T T
_ —TH/21 -7-21

12. X=—77 > M=




Section 3.2 Graph of Quadratic Equations - Parabolas

Exercise 1:
a) (0,0) d) (0,0)

b) (0—3) —5

e) (0,0)

f) (0,0)




Exercise 2:
a) (-2,-4); x=—-4,x=0
!

Exercise 3:
a) (-2,-9);x=1,x=-5

\

b) (=5,6); x =—-5—16, x =
—5+6

-10 -5 0

b) (-1,—-4); x=-1-2i,x =
-1+ 2i

10 0/ 10

-10

0 0 10




SECTION 3.2 SUPPLEMENTARY EXERCISES

2.
a) 3,-1);x=4,x=2 c) 54); x=5—4i,x=5+4i

I\ N/
N/

0 10
0 5
d) (-1,-7); x= _Z_Zm, X =
-2+/14
2
b) (L7);x=1—-+7, x=14+7
5
-5 0




Section 4.1 Definition of Trigonometry

Exercise 1 (i)a: x=5
. . . 3 4 3
Exercise 1 (i)b: sinf = > cosf = > tanf = "
Exercise 1 (ii)a: xX=6
. es . 3 4 3
Exercise 1 (ii)b: sinf = > cosf = = tanf = "
. . 5 12 5
Exercise 2: sinf =—; cosf=—; tanf =—;
13 13 12
13 13 12
cscd =—; secf=—; cotd=—
5 12 5
. . 5v29 229 5
Exercise 3: sinf = ——; cosf =——; tanf =-;
29 29 2
V29 V29 2
cscd =—; secf =—; cotf =-
5 2 5
. . 3 V7 3V7
Exercise 4: sinf = -; cosf =—; tanf =—;
4 4 7
4 w7 V7
csc9=§; secQzT; cotez?

SECTION 4.1 SUPPLEMENTARY EXERCISES

1.
. V527 V527 24~/527 24
sing = — ; tand = —; cscl = ; secd = —;
24 7 527 7
75
cotf = 27
527
2.
3 7 NG 4 3V7
cosf =-; tan9=£; cscezi; secd =-; cotezi
4 3 7 3 7
3.
. 213 Vi3 2
sind = —; cosf = —; csc = —; secf = —; cotf = -
3 13 2 3
4.
. 25 5 1
stzT\/—; tan@ = 2; cscezg; sec9=\/§; cot9=5
5.
. 221 2v/7 5V3
sin=—; cos@=—; cscld =—; sec9=T\/_; t0=£




Section 4.2 The Special Right Triangles (45°—45°-90° and
30°-60°—90°)

Exercise 1:

) k=l o2
a x—z,y—z

b) sin45° = g; cos 45° = g; tan45° = 1;

Exercise 2:

a) x=3V2;y=3/2

b) x=6;y=6\/§

Exercise 3:

V2
a) x:?;y:

8|S

V2

b) sin45° = \/2_3'_ cos 45° = i tan 45° = 1;

Exercise 4:

a) x=3V2;y=3/2
b) x=6;y=6\/§

) x=4/3;y=2V3




SECTION 4.2 SUPPLEMENTARY EXERCISES

1.
:;inBO":l sin60°=ﬁ Sin45°=i
2 2 V2
cos30°=ﬁ cos60°=l cos45°=i
2 2 V2
o_i o o —
tan 30 =5 tan 60° = /3 tan45°=1
o o_i o —
csc30°=2 csc 60 =5 csc45° =+/2
o_i o o —
sec 30 =5 sec60°=2 sec45° =2
o o_i o _
cot30°=+/3 cot 60 =5 cot45° =1
2.
) = NI 9
a) x="V=75
b) x=8;y= 8v2
) x=7;y=7V3
d x=8;y= 87\/5
e) x = 6T\E;y= V3
Section 4.3 The Unit Circle
Exercise 2: Exercise 3:
a) 0 a) 6 =60°120°
b) 0
) b) 0 =45°,315°
c) O
d) —1 c) 6 =210° 330°
e) 1 d) 6 =135°,315°

f) undefined




SECTION 4.3 SUPPLEMENTARY EXERCISES
1.
d) Quadrants I  and II
Quadrants I and IV

e) Quadrants I  and IV
Quadrants  II  and III

f) Quadrants I  and I
Quadrants  II  and IV

2.

a) 2 b) =2 01

d) = e) %5 f) —V2
9 = h) 2 -3
- o e
m) 1 22 o)1

p) undefined q) undefined

Section 4.4 Solve Using Right Triangle Trigonometry
Exercise 1:
a) x =31

b) x =6.3
c) x=39

Exercise 2:
a) 6 =27°
b) 8 = 65.6°
Exercise 3:

. 7 24 7 25 25 24
sinf = —; cosf =—; tanf8=—; cscd=—; secOh=—; cotl=—
25 25 24 7 24 7

Exercise 4:
. 12 5 -12 13 5
sinf = —; cosf =—; tanf=—; cscd=—; secO=—; cotl=—
13 13 5 2 5 12

Exercise 5:

—V30.
3

. 7
sinf = —_ ; =
10 10 7 3




SECTION 4.4 SUPPLEMENTARY EXERCISES

1.

a) x=4.4
b) x = 184
c¢) x=15.7
d x=169
2.
a) 6 =389°
b) 8 = 32.3°
3.
a)sinezg; cosezg; tanf =1; cscO =+2; secOd=+2; cotd =1
b)sin9=§; cosH=_—4; tan9=_—3; csc9=§; se09=_—5; cotg = =
5 5 4 3 4 3
c)sin9=_—2; cos@zﬁ; tanezﬂ; csc9=_—3; sec@zig; cott9=ig
3 3 5 2 5 2
d)sin9=_m; 059=ﬂ;tan9=_—m; csc9=_m; sec9=E;cot9=_3m
23 23 6 5 6 5
e)sin9=ﬂ; c059=ﬂ; tan9=@; csc9=_—m; sec@=ﬂ;
13 13 6 7 6
cot9=@
7
f)sin9=§; cosH=\g—§; tan @ = /2; csc9=§; secd =3 ; cot9=g
g)sin@z_—lz; cos@z_—s; tanezz; csc9=_—13; sec9=_—3; cott9=i
13 13 5 12 5 12
h)sin9=_12m; 059=L57;tan9=_12ﬁ; csc9=_m; secl = 1057;cot6?=i7
151 151 7 12 7 12
i)sin @ =14m; cos @ =5—m;tan9 =E; csch =@; sec@=£; coth ==
2 221 5 14 5 14
k) sin 6 :—11@; cos 6 =_3m;tan9 =L csc@z_m; secH =_m;cot9 =2
130 0 3 11 3 11
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